We study the variation of the coherent modes in the emission of a coherent random laser based on nonresonant feedback at critical excitation. A baseline-finding algorithm is applied to separate the coherent and incoherent components from the complete spectrum. By applying intensity thresholds to the isolated coherent spectrum, the modal density is measured as a function of mode intensity, which shows an exponential decay, corresponding to the probability of amplified extended modes. We measure the magnitude of the coherent intensity in the maximally coherent modes, whose distribution shows the presence of equal magnitude of coherent and incoherent fraction in any mode. Upon higher-than-critical excitation, instead of increasing the coherent fraction in the modes, the system tends to increase the number of modes that leads to self-averaging of the spectrum, thereby compromising the coherence. © 2011 Optical Society of America OCIS codes: 290.4210, 290.7050, 030.6600.
A random laser is a unique optical source that has gathered a lot of interest over the years [1] . As the name suggests, this source nearly behaves like a laser, in that the spectral features resemble the emission from a laser. Specifically, the emission bandwidth of the random laser collapses after a threshold excitation intensity, and its emission intensity diverges. A random laser is a generic name given to sources that consist of an ensemble of scattering centers embedded within an amplifying material. Under excitation, the self-generated fluorescence is trapped within the ensemble via multiple scattering [2, 3] , and the consequent enhancement of the dwell time of light leads to amplification. Such a synergy of scattering and amplification has been shown to manifest several interesting phenomena in random lasers [4] [5] [6] [7] [8] . Several statistical features in their emission have been addressed experimentally and theoretically [8] [9] [10] [11] [12] [13] [14] . Because of the striking simplicity of this principle of operation, a variety of materials have been demonstrated to achieve random lasing. Some examples include organic thin films [15] , liquid crystalline materials [16] , solidstate powders [17] and ceramics [18] , and doped optical fibers [19] . Depending on the composition of the amplifier-scatterer system, random lasing sources have been shown to exist in sizes as large as several kilometers [19] to a few micrometers [20] . Furthermore, since such materials can be controlled electrically [21] , optically [22] , or by changing their temperature [23] , they become interesting candidates for photonic applications.
One category of random lasing sources that attracts special attention is the coherent random laser. The emission from such a source consists of one or more ultranarrow peaks, with linewidths of the order of 0.1 to 0:2 nm [24] [25] [26] . The attribute of temporal coherence is purely based on the bandwidth of the emission peaks, which is inversely proportional to the first-order temporal coherence in the peak. This coherence has been confirmed in terms of Poissonian photon statistics [27] . Such coherent emission has been shown to have two different origins. On one hand, random resonators or closed optical paths can be formed in the disordered medium, over which resonant feedback occurs, yielding an intense peak [28] [29] [30] . On the other hand, coherent modes manifest through nonresonant feedback in the disordered medium, wherein extended modes undergo a large amplification to yield ultranarrow peaks [26, 31] . Recent experiments have revealed an interesting coexistence of both extended and localized modes [32] .
Three-dimensional random lasers with nonresonant feedback have attracted theoretical work from the point of view of their emission behavior at the threshold [33, 34] . However, the generation of coherence, and the characteristics thereof, from such random lasers in nonresonant systems has not received due attention. That temporal coherence can be obtained in the absence of resonances is a curious phenomenon. In order to gain insight in the statistical intricacies of this system, it is important to analyze the behavior of coherence in the emission. Such a study will also help us to understand the phenomenon in order to extract maximal coherence in order to make the system useful for applications. In this article, we address the variation of the modal coherence in a nonresonant random laser. We study the modal density in the emission as a function of the mode intensity. We plot the distribution of the ratio of the modal coherent intensity to the incoherent intensity, which shows a significant amount of coherence in individual lasing modes. The distribution of the ratio of second maximum to the first emphasizes the inherent multimodal nature of the system. Under higher excitation above the threshold, we show that the coherent modes average into a broader spectrum, and the intensity fluctuations in the random laser are reduced.
The random lasing sample consisted of a suspension of nanoparticles (ZnO, mean diameter ∼10 nm) in a 3:6 mM solution of Rhodamine 6G dissolved in methanol. The disorder strength was quantified using a coherent backscattering measurement, which yielded the mean free path l Ã to be ∼450 μm. The random laser was excited ( Fig. 1) with a frequency-doubled Nd:YAG laser beam (λ ¼ 532:8 nm) with a pulse width of 30 ps, focused to an excitation spot of about 40 μm. Because of the strong absorption of Rhodamine 6G, the excitation pulse experiences attenuation over a length of ∼500 μm in the system, which comprises the region of inversion. Accordingly, the effective size of the system could be estimated to be under 10 −3 mm
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. Emission from the suspension was analyzed using a 50 cm focal length spectrometer, with a resolution of ∼0:2 nm. We captured 2500 spectra for analysis of the coherence in the emission. Figure 2 shows a representative spectrum. The line shape can be typified as coherent peaks riding over an incoherent background; that is a signature of coherent random lasing. The observed bandwidth of the coherent peaks was resolution limited to 0:2 nm. These ultranarrow coherent modes fluctuated in intensity and frequency with every excitation. These peaks discussed herein had a line profile of the impulse response of our setup. The impulse response was separately measured using an He-Ne laser whose heterogeneously broadened linewidth was estimated to be ∼2 pm. This linewidth was detected by our setup to be ∼0:2 nm, and the line profile covered approximately 12 pixels. We thus identified the observed peaks as coherent random lasing peaks. Neither did we observe any spikes narrower than the lasing peaks, nor were the random lasing peaks observed in neat dye solutions.
In order to fathom the actual bandwidth of the coherent peaks, the emission was also analyzed using a dense grating (2400 lines=mm) to yield a resolution of ∼0:12 nm. Nonetheless, the linewidth still remained resolution limited to 0:12 nm. Since the dense grating limited the observable spectral band, subsequent spectroscopic experiments were carried out with a grating of 1200 lines=mm. However, the measured linewidth using the dense grating allowed us to set a lower bound on the coherence length of the random lasing modes l c ¼ λ 2 Δλ ∼ 3 mm. That a coherence length of a few millimeters is generated from a source that is 3 orders of magnitude smaller than a cubic millimeter is indeed an intriguing fact. Random lasers based on the Anderson localization effect have been shown to emit coherent radiation even when the system size is of the order of micrometers. However, given the strong constraints in achieving localization, such systems are very hard to create. In comparison, nonresonant random lasers do not have strict conditions on disorder for generating coherent emission, which is encouraging for practical applications.
In order to study the behavior of the coherent modes, we separated them from the incoherent pedestal by constructing a baseline for every spectrum. The fidelity of the baseline-finding algorithm was determined by comparing the reconstructed baseline, comprising the incoherent part of the emission, with the ensemble-averaged spectrum taken as the standard. This spectrum is known to resemble the diffusive random lasing spectrum from the system, which contains the signature of the narrowed emission profile of the material with the same gain and disorder parameters. Apart from following the ensemble-averaged behavior, the baseline finder was also tuned to be insensitive to small fluctuations that arise due to electronic noise. The baseline was computed as follows. The spectral profile S consists of 680 points, ðλ i ; I i Þ. First, every ith point on the spectrum Sðλ i ; I i Þ was joined to the i þ 15th point Sðλ iþ15 ; I iþ15 Þ, and the slope m of this segment was recorded. These slopes were calculated for all points i ∈ ½1; 680Þ, which yielded a vector m i with 665 elements. In this vector, when the slope flips in sign from negative to positive (m i < 0 and m iþ1 > 0), the minimum intensity value in the ith interval was found, and the corresponding λ was chosen as one interpolating point ðλ 0 i ; I 0 i Þ. All such interpolating points were then fitted using a cubic spline curve to yield the baseline, which represents the incoherent component S inc . The choice of 15 points was determined on the basis of the best correlation of the incoherent pedestals of all spectra with the ensemble-averaged spectrum. The correlation coefficient was defined as
where the superscript labels the incoherent component of S, and the subscript m is the summation index. We observed that smaller or larger number of points make the baseline sensitive to local fluctuations, and introduce structure in the incoherent pedestal. Figure 2 summarizes the spectral features of the random lasing source. Figure 2 (a) shows a spectrum with ultranarrow lasing modes, with three distinct, spectrally separated, high-intensity lasing modes. The dotted, smooth spectrum is the ensembleaveraged spectrum over 2500 spectra. The red and the blue curves indicate two computed baselines, one (blue curve) with the 8-point baseline finder, and the other (red curve) with the 16-point baseline finder. The latter curve clearly shows a better correlation with the ensemble-averaged spectrum and is used for the extraction of the coherent modes. Figure 2(b) shows the threshold behavior of the nonresonant random laser. The bandwidth of the ensemble-averaged spectrum is plotted as a function of the excitation energy. At the excitation energy of 0:3 μJ, the bandwidth starts to fall from 27 nm and Figure 2(c) shows the non-Gaussian nature of the intensity in a mode above threshold. The two distributions shown in Fig. 2(c) are the subthreshold and suprathreshold intensity distributions [PðI=hIiÞ] at λ ¼ 557:4 nm, the wavelength corresponding to the highest peak in Fig. 2(a) . At the excitation energy of 0:3 μJ, the intensity distribution shows Gaussian statistics, corresponding to fluorescent emission. Indeed, no coherent emission peaks were observed at this excitation intensity. At the critical excitation (E p ¼ 0:8 μJ), the intensity distribution turns asymmetric, with a strong Levy tail. The blue curve fitted to the tail yields a Levy exponent of α ¼ 1:16.
After the separation of the incoherent pedestal from the spectral profile, we proceed to characterize the behavior of the coherent modes in the emission. While it is nonintuitive, in a rigorous sense, to define a mode of an open system, we persist with the same terminology since the ultranarrow peaks in the nonresonant random laser are consequences of amplified extended modes.
The first feature we address is the modal density, or the number of coherent modes in the emission band of the random laser. The average number of modes when the system crossed threshold was 5. In the nonresonant system, the intensity of the mode is proportional to the path length of the extended mode in the medium, the magnitude being determined by the local gain in the system. We measure the modal density as a function of the mode intensity, as follows. A threshold level was assumed at various intensities in the pedestal-subtracted spectrum, as shown in the inset of Fig. 3 , and the number of coherent modes within the lasing band sustained above this threshold was taken as the modal density at that intensity threshold. This distribution is shown in Fig. 3 . Until a threshold level of ∼0:025, the data involved an inevitable contribution of the noise generated by the CCD that survived the numerical filtering while locating the coherent peaks. Thereafter, the curve shows an exponential decay in the number of coherent modes. This indicates an exponentially low probability of extracting high-intensity modes. This behavior can be directly traced to the generation of coherent modes in a nonresonant random laser. The photon paths that realize an amplified extended mode lie at the extreme of the exponentially decaying path-length distribution of photons. These are statistically rare and do not contribute to passive transport. This exponential rarity is directly reflected in the modal density. The plot shows a gradual departure from an exponential decay, wherein the highintensity modes tend to have probability larger than expected from an exponential decay. Interestingly, this departure is also qualitatively reflected in the distribution of intensity contributed by the long-path photons. (see [26] ). While the exact reason for such a departure is still unknown, we attribute it to the temporal dynamics of the gain in the system. At an early phase of random lasing, the gain is highest and capable of sustaining high-intensity modes. With the exit of such modes, the gain is rapidly reduced, and the subsequent modes experience a depleted gain. This temporal variation of gain may result in the departure from exponential behavior illustrated in Fig. 3 .
While the distribution of extended modes can only determine the number of coherent modes generated in the random lasing pulse, the actual intensity in the modes is decided by the total emission in that wavelength. This comprises small path photons that can accumulate only low to moderate gain and lead to the formation of the incoherent pedestal. Thus, the high-amplification modes lying at the right side of the curve in the Fig. 3 carry the maximum coherence but were still only partially coherent. A potential application of the coherent random laser will take into account the highest-intensity mode, or the one with the best coherent fraction. This motivates the study of the modes with the highest coherent fraction in each pulse of the random laser. Over each of the captured spectra, we pick out a mode with the highest ratio of the coherent fraction (i coh ) to the incoherent (i inc ) and plot the distribution of these ratios. Figure 4 illustrates this distribution. The distribution peaks at approximately 1, implying that one can expect a random lasing mode with about 50% coherent fraction under the said conditions of gain and disorder in any pulse. Although the probability of higher ratios falls rapidly, there is still a finite probability (about 3%) to obtain more than 70% coherent fraction [Pði coh =i inc Þ > 2:3] in a mode. We have earlier reported [14] that the distribution of the ratio for the wavelength-integrated intensities I coh =I inc peaks at 35%. These two statistics assert that, in the random lasing pulse, the total coherent energy is far less than the incoherent, but the individual lasing modes carry a significant coherent fraction. As illustrated in Fig. 3 , these high-coherence modes are low in number, and a lot of coherent energy was distributed in the low amplification modes that abound the emission.
To assess this behavior, we study a scatterplot, shown in Fig. 5 , of intensities that was generated as follows. For each spectrum, the first (i f max ) and second maximum (i s max ) were measured, the peak height being measured from the fluorescence baseline shown in Fig. 2 . The ratio of the second to the first was plotted as a function of the first. The scatter points are generated by normalizing all spectra to the maximum intensity mode over all 2500 spectra. Accordingly, the scatter points were limited under the line y ¼ 1. Two behaviors are discernible in the scatter; one was the dense scatter in the region below i f max ∼ 0:5, and the other was the rarer scatter above. We demarcate the region where the i f max < 0:5 as low first peak intensity. In this region, we observe a large clustering of scatter points toward y ¼ 1, implying that the peak heights in these spectra were comparable. The effects of gain competition were not prominent in these spectra, evidently because the system relaxed uniformly into many possible extended modes. On the other hand, no clustering of scatter points was seen in the region of large first peak intensity, where i f max > 0:5, and the points tend to shift away from y ¼ 1, indicating the system relaxed via selective modes that suppressed other high-intensity modes. The scatterplot points to the inherent multimodal nature of coherent random lasers. A single-mode spectrum would have no second maximum, or at most a much weaker one, so that the corresponding scatter point would be located close to the y ¼ 0 line. In the 2500 spectra collected at ℓ Ã ∼ 450 μm and energy 0:8 μJ, we found that the smallest ratio of the two maxima was 0.21. These statistics indicate the propensity of the open system to primarily exhibit multimodal behavior. It would be of interest to know whether the scattering strength and/or gain can be tuned to obtain a higher probability of single-mode random lasing.
The diffusive random laser exhibits a divergence of random lasing intensity as the excitation energy is increased above threshold. We investigated the behavior of the nonresonant coherent modes under stronger excitation above the critical excitation. We pumped the sample at 1:5 μJ, which was above the threshold. In coherent random lasers with resonant feedback, the mode height was observed to diverge with increasing pump intensity, consistent with stronger excitation of a resonator. Our observations from the nonresonant random laser (Fig. 6) show a contrary, and interesting, behavior. Instead of redistributing the excess gain into the existing Fig. 4 . Ratio of coherent to incoherent intensities of the strongest coherent mode in a spectrum. The distribution peaks at i coh =i inc ¼ 1, while the tail indicates the generation of modes with up to 80% energy in the coherent fraction. number of coherent modes, the system shows a propensity to increase the modal density. With increasing number of modes in the lasing band, they tend to average out into a smoother, broader spectrum. Figure 6 (left) shows a spectrum at 0:8 μJ, with prominent coherent modes. A major factor responsible for strong coherence is the suppression of gain for the subsequent modes. The larger excitation energy present in the system offsets the gain competition by providing sufficient gain to the subsequent modes. Figure 6 (right) shows the spectrum at E p ¼ 1:5 μJ, where the prominence of the coherent modes is compromised by the excessive generation of such modes. Under stronger excitation, we observed that the emission line shape resembles very closely the emission profile of a diffusive random laser. To quantify this spectral averaging, we correlate the individual spectral line shape to the ensemble-averaged line shape and measured the distribution of η, the correlation coefficient. We found that η varied from 0.91 to 0.986 within the excitation energy range of 1:47 μJ after the coherent random lasing had crossed threshold at 0:8 μJ. It could be thus concluded that there exists an optimal excitation range over which strong coherent emission from the nonresonant random laser can be obtained.
A common observation from all the aforementioned statistics of coherent random lasing is that they show large standard deviations from mean, which is a signature of strong fluctuations in the emission from the system. The fluctuations were intrinsic to coherent random lasing and were not just the manifestation of instabilities in pump energy. The measured fluctuation in emission intensity was ∼12% for ∼4:5% fluctuations in excitation energy. The fluctuations in the random lasing source can be described using a scatterplot of the intensity of the strongest coherent mode (Y axis) in the spectrum versus the total emission intensity (X axis) from the random laser [14] . Figure 7 shows such a scatterplot for the two excitation energies, 0.8 and 1:5 μJ. The centroids of the distributions are marked in yellow. A set of axes were constructed about the centroid to demarcate the emission into four regions to separate the emission characteristics. At E p ¼ 0:8 μJ, when the emission from the system comprised prominent coherent modes, the distribution was skewed with a large dispersion along both axes. The strong dispersion of scatter points in the first quadrant implied large fluctuations of intensities due to the existence of coherent modes. The standard deviations along the two axes were measured to be (0.13, 0.16). The scatterplot in Fig. 7(b) depicts the emission at E p ¼ 1:5 μJ, which was in the self-averaging regime of random lasing. Clearly, the distribution of the scatter points was compact with standard deviations along the two axes being (0.07, 0.14). Given that the fluctuations in total intensity dropped from 13% to 7%, the emission appeared to stabilize at the excitation energy of 1:5 μJ. The fluctuations in the coherent component remained comparable at the two energies, indicating that the statistical variations in individual amplified extended modes did not depend on excitation energy.
In conclusion, we have addressed the properties of the ultranarrowband coherent modes in a random laser with nonresonant feedback. Despite the absence of structural resonances, such a system can emit modes with significant first-order temporal coherence from a small sample size. We studied the behavior of such a system at the critical excitation and at a higher-than-critical excitation. We found that, at the critical excitation, the distribution of coherent modal density shows an exponential decay as a function of the mode intensity. This behavior originates from the distribution of the photon path lengths inside the disordered medium. While the long-path photons create the intense coherent peak, the statistically frequent short-path photons create a broadband pedestal on which the peak resides, which compromises the coherence of the peak. We observed that, on the average, the coherent and the incoherent components in a peak are of comparable intensity, while occasional peaks can have four times the energy in the coherent fraction. At a higher excitation energy, instead of raising the intensity of the coherent modes, the system tended to emit a larger number of modes. As a consequence, the spectrum showed evidence of selfaveraging, wherein the prominence of the coherent modes was lost and the spectrum broadened, yielding a line shape similar to a diffusive random laser. We hope these observations stimulate further activity toward theoretical investigations of coherence in nonresonant random lasers and also in finding methods of extraction of maximum coherent intensity from such a system. 
